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Chapter 1 Introduction

Before we can begin our study of biomedical engineering transport  phenomena, let us first review 
some basic concepts that are essential for understanding the material in this book. You may have 
come across some of this material in other courses such as in chemistry, physics, and perhaps ther-
modynamics. Reviewing these concepts once again is still very important since these concepts form 
the basis of our approach to analyzing and solving biomedical engineering problems.

1.1  Review of units and dimensions

1.1.1  Units
Careful attention must be given to units and dimensions when  solving engineering problems; other-
wise, serious errors can occur in your calculations.

Units are how we describe the size or amount of a dimension. For example, a second is a common 
unit that is used for the dimension of time. In this book, we use primarily the International System of 
Units, which is also known by its abbreviation SI, for Système international d'unités. Other systems 
of units are also used, such as the English and American engineering systems and the centimeter-
gram-second (cgs) system. We will come across some of these non-SI units as well in our study. The 
units of these other systems may be related to the SI units by appropriate conversion factors. Table 
1.1 provides a convenient summary of common conversion factors that relate these other units to 
the SI system.

It is important to remember that in engineering calculations you must always attach units to the 
numbers that arise in your calculations, unless they are already unitless. Furthermore, within a cal-
culation, it is important to use a consistent system of units, and in this book we recommend that you 
work with the SI system. In the event that a number has a non-SI unit, you will first need to convert 
those units into SI units using the conversion factors found in Table 1.1. Also, remember to treat the 
units associated with a number as algebraic symbols. Then, as long as the units are the same, you 
can perform operations such as addition, subtraction, multiplication, and division on the like units, 
thereby combining and, in some cases, even cancelling them out.

1.1.2  Fundamental dimensions
The measurement of the physical properties we are interested in are derived from the fundamental 
dimensions of length, mass, time, temperature, and mole. Table 1.2 summarizes the basic SI units 
for these fundamental dimensions. The SI unit for length is the meter (m) and that for time is the 
second (sec).
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Table 1.1 Conversion Factors

Dimension Conversion Factors

Length 1 m = 100 cm
1 m = 3.28084 ft
1 m = 39.37 in.

Volume 1 m3 = 106 cm3 1 liter (L) = 1000 cm3

1 m3 = 35.3147 ft3 1 gallon (US) = 3.7853 L
1 m3 = 61,023.38 in.3 1 gallon (US) = 0.1337 ft3

Mass 1 kg = 1000 g 1 lbm = 454 g
1 kg = 2.20462 lbm

Force 1 N = 1 kg m sec−2 1 dyne = 1 g cm sec−2

1 N = 100,000 dynes
1 N = 0.22481 lbf

Pressure 1 bar = 100,000 kg m−1 sec−2 1 Pa = 1 N m−2

1 bar = 100,000 N m−2 100,000 Pa = 1 bar
1 bar = 106 dynes cm−2 1 atm = 760 mmHg
1 bar = 0.986923 atm 1 atm = 14.7 psi
1 bar = 14.5038 psi 1 atm = 101,325 Pa
1 bar = 750.061 mmHg or torr

Density 1 g cm−3 = 1000 kg m−3

1 g cm−3 = 62.4278 lbm ft−3

Energy 1 J = 1 kg m2 sec−2

1 J = 1 N m
1 J = 1 m3 Pa
1 J = 10−5 m3 bar
1 J = 10 cm3 bar
1 J = 9.86923 cm3 atm
1 J = 107 dyne cm
1 J = 107 erg
1 J = 0.239 cal
1 J = 5.12197 × 10−3 ft3 psia
1 J = 0.7376 ft lbf

1 J = 9.47831 × 10−4 Btu
Power 1 kW = 103 W 1 HP = 550 ft lbf sec−1

1 kW = 1000 kg m2 sec−3

1 kW = 1000 J sec−1

1 kW = 239.01 cal sec−1

1 kW = 737.562 ft lbf sec−1

1 kW = 0.947831 Btu sec−1

1 kW = 1.34102 HP
Viscosity 1 P = 1 g cm−1 sec−1 1 P = 0.1 Pa sec

1 P = 100 cP 1 cP = 0.001 Pa sec
1 P = 1 dyne sec cm−2 1 cP = 0.01 g cm−1 sec−1

1 P = 0.1 N sec m−2
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1.1.2.1 Mass and weight The mass of an object refers to the total amount of material that is in the 
object. The mass is a property of matter and is the same no matter where the object is located. For 
example, the mass of an object is the same on Earth, on Neptune, or if it is just floating along some-
where in space. In SI units we measure the mass of an object in kilograms (kg). Remember that the 
mass of an object is different than the weight of an object. Weight is the force exerted by gravity on 
the object. Since weight is a force, we can use Newton’s second law (F = ma) to relate weight (F) 
and mass (m).

In the United States, with its American engineering system of units, a very confusing situation can 
occur when working with mass and force (weight). The following discussion should be sufficient for 
you to see the advantages of working in the SI system of units. However, the American engineering 
system of units is still widely used, and it is important that you understand the following in order to 
handle these units properly in the event they arise in your calculations.

What is commonly referred to as a pound is really a pound force (weight) in the American engineer-
ing system of units. The pound force is abbreviated as lbf, where the subscript f must be present to 
indicate that this is a pound force. Mass is also expressed as pounds, but in reality what is meant is 
the pound mass (lbm) and, once again, the subscript m must be present to indicate that this is a pound 
mass. Using Newton’s second law, we can develop the following relationship between the pound 
force and the pound mass:

 Force lb Mass lb Acceleration of gravity ft /gf m c( ) = ( ) ´( ) ´-sec 2 1  (1.1)

The gc term in Equation 1.1 is a conversion factor needed to make the units in Equation 1.1 work 
out properly, i.e., to convert the lbm to lbf. Note that unlike the acceleration of gravity, the value of 
gc does not depend on location and is a constant. In the American engineering system of units, the 
value of force (pound force or lbf) and mass (pound mass or lbm) are defined in such a way so as 
to be the same at sea level at 45° latitude. The acceleration of gravity (g) in the American system 
of units at sea level and 45° latitude is 32.174 ft sec−2. The value of gc in Equation 1.1 is therefore 
32.174 ft lbm sec−2 lbf

−1. It is important to recognize though that the acceleration of gravity depends 
on location. A pound force and a pound mass have the same value only at sea level, where the 
acceleration of gravity is 32.174 ft sec−2 or whenever the ratio of the local acceleration of gravity to 
gc is equal to one. For calculations done on the surface of the Earth, it is usually just assumed that 
a pound mass (lbm) equals a pound force (lbf), since the acceleration of gravity really does not vary 

AQ1

Table 1.2 SI Units for the Fundamental Dimensions

Fundamental Dimension Unit Abbreviation

Length Meter m
Mass Kilogram kg
Time Second sec or s
Temperature Kelvin K
Mole Mole mol
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that much. So, if an object with a mass of 10 lbm is on Earth, then for practical purposes its weight is 
10 lbf. However, if this object is taken to the moon, where the acceleration of gravity is 5.309 ft sec−2, 
the mass is still 10 lbm; however by Equation 1.1, its weight is quite a bit lower, as shown in the 
following calculation:

 
10 5 309

32 174
1 652

2

lb
ft lb

ft lb
lbm

f

m
f´ ´ =.

sec
sec
.

.
 

Example 1.1 

Calculate the weight in newtons and in lbf of an average person on the Earth.

Solution

On Earth, the acceleration due to gravity (g) is 9.8 m sec−2. The average mass of a human is 
75 kg, so on Earth, the weight of the average human is 75 kg × 9.8 m sec−2 = 735 kg m sec−2. 
Next, we will see that 1 newton (N) is a special SI unit defined as 1 kg m sec−2, so our average 
human also has a weight of 735 N. From Table 1.1 we find that 1 newton = 0.22481 lbf giving 
a weight of 735 N × 0.22481 lbf N−1 = 165.2 lbf.

1.1.2.2 Temperature Temperature is defined as an absolute temperature instead of a relative tem-
perature like the commonly used Fahrenheit and Celsius scales. The Fahrenheit scale is based on 
water freezing at 32°F and boiling at 212°F, whereas the Celsius scale sets these at 0°C and 100°C, 
respectively. The following equations may be used to relate a Celsius temperature to a Fahrenheit 
temperature and vice versa:

 
t F t C or t C t F° ° ° °= + = -( )1 8 32

5
9

32.
 

(1.2)

Our SI unit for the measurement of absolute temperature is Kelvin (K). The absolute temperature 
scale sets the absolute zero point, or 0 degrees Kelvin (0 K), as the lowest possible temperature at 
which matter can exist. The temperature unit of the absolute Kelvin temperature scale is the same 
as that of the Celsius scale, so 1 K = 1°C. The following equation may be used to relate the Celsius 
temperature (t) scale to the absolute Kelvin temperature (T) scale. In Celsius units, the absolute zero 
point is therefore −273.15°C:

 t C TK° = - 273 15.  (1.3)

The absolute temperature can also be defined by the same unit of temperature measurement as the 
Fahrenheit scale. This is referred to as the absolute Rankine (R) temperature scale and 1 R = 1°F. 
Note that 0 K is the same as 0 R since the absolute Kelvin and the absolute Rankine temperature 
scales are based on the same reference point of absolute zero. Equation 1.4 can be used to relate the 
Fahrenheit temperature scale (t) to the absolute Rankine temperature (T) scale. In Fahrenheit units, 
the absolute zero point is −459.67°F:

 t F TR° = - 459 67.  (1.4)

AQ2

9781498768719_C001.indd   4 5/10/2017   11:44:58 AM



5

Introduction 

Using Equations 1.2 through 1.4, one can also show that the relationship between the Rankine and 
Kelvin temperatures is given by

 T R T K= 1 8.  (1.5)

1.1.2.3 Mole The mole is used to describe the amount of a substance that contains the same num-
ber of atoms or molecules as there are atoms in 0.012 kilograms (or 12 g) of carbon-12, i.e., 6.023 × 
1023 atoms, which is also called Avogadro’s number. This is also called the gram mole, which can be 
written as gmole, mole, or just mol. In the American engineering system, the pound mole (lb mole 
or lb mol) is used and is defined as 6.023 × 1023 × 454 atoms. Therefore, 1 pound mole is equal to 
454 gram moles.

The molecular weight is defined as the mass per mole of a given substance. For example, the molecu-
lar weight of glucose is 0.180 kg mole−1, whereas the molecular weight of water is 0.018 kg mole−1. 
A mole of glucose or a mole of water both contain the Avogadro’s number of molecules. Even though 
one mole of glucose and water contains the same number of molecules, the masses of each are quite 
different because the molecules of glucose are much larger than those of water. That is, one mole of 
glucose has a mass of 0.180 kg and one mole of water has a mass of 0.018 kg.

1.1.3  Derived dimensional quantities
From these fundamental dimensions, we can derive the units for a variety of other dimensional 
quantities of interest. Some of these quantities will occur so often that it is useful to list them as 
shown in Table 1.3. In addition, some of these quantities, like force and energy, have their own 
special SI units, whereas others, like mass density, are based on the fundamental dimensions listed 
in Table 1.2. Many times, we will use special symbols to denote a quantity. For example, the Greek 
symbol ρ (rho) is used to denote the mass density and μ (mu) is often used for the viscosity of a 
substance. The viscosity, discussed in Chapter 4, is a physical property of a fluid and is a measure 
of its resistance to flow. A listing of the symbols used in this book to denote a variety of quantities 
is given in the Notation section that follows the Table of Contents.

AQ3

Table 1.3 SI Units for Other Common Dimensional Quantities

Quantity Unit Abbreviation Fundamental Units Derived Units

Force Newton N kg m sec−2 J m−1

Energy, work, heat Joule J kg m2 sec−2 N m
Pressure and stress Pascal Pa kg m−1 sec−2 N m−2

Power Watt W kg m2 sec−3 J sec−1

Volume — — m3 —
Mass density — — kg m−3 —
Molar concentration — — mol m−3 —
Specific volume — — m3 kg−1 —
Viscosity — — kg m−1 sec−1 Pa sec
Diffusivity — — m2 sec−1 —
Permeability, mass transfer coefficient — — m sec−1 —
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Oftentimes, a particular unit is expressed as a multiple or a decimal fraction. For example, 1/1000th 
of a meter is known as a millimeter, where the prefix “milli-” means to multiply the base unit of 
meter by the factor of 10−3. The prefix “kilo-” means to multiply the base unit by 1000. So, a kilo-
gram is the same as 1000 grams. Table 1.4 summarizes a variety of prefixes that are commonly used 
to scale a base unit.

1.1.3.1 Pressure Pressure is defined as a force per unit area. Pressure is also expressed in either 
a relative or an absolute scale, and its unit of measure in the SI system is the Pascal (Pa), which 
is equal to a newton of force per square meter or N m−2. How the pressure is measured will affect 
whether or not it is a relative or an absolute pressure. Absolute pressure is based on reference to a 
perfect vacuum. A perfect vacuum on the absolute pressure scale defines the zero point or 0 Pa. The 
zero point for a relative pressure scale is usually the pressure of the air or atmosphere where the 
measurement is taken. This local pressure is called either the atmospheric pressure or the barometric 
pressure and is measured by a barometer, which is a device for measuring atmospheric pressure. 
It is important to remember that the pressure of the surrounding air or atmosphere is not a constant 
but depends on location, elevation, and other factors related to the weather. That is why it is always 
important to log in your record book the atmospheric pressure in the laboratory when doing experi-
ments that involve pressure measurements.

Most pressure measurement devices, or pressure gauges, measure the pressure relative to the 
surrounding atmospheric pressure or barometric pressure. These so-called gauge pressures are 
also relative pressures. A good example of a gauge pressure is the device used to measure the 
inflation pressure of your tires. If the tire pressure gauge has a reading of 250 kPa, then that 
means that the pressure in the tire is 250 kPa higher than the surrounding atmospheric pressure. 
A gauge pressure of 0 Pa means that the pressure is the same as the local atmospheric pressure, 
or you have a flat tire! A negative gauge pressure (i.e., suction or partial vacuum) means that 
the pressure is that amount below the atmospheric pressure. If the pressure measurement device 
measures the pressure relative to a perfect vacuum, then that pressure reading is referred to as 

Table 1.4 Common Prefixes for SI Units

Prefix Multiplication Factor Symbol

Femto 10−15 f
Pico 10−12 p
Nano 10−9 n
Micro 10−6 μ
Milli 10−3 m
Centi 10−2 c
Deci 10−1 d
Deka 10 da
Hecto 102 h
Kilo 103 k
Mega 106 M
Giga 109 G
Tera 1012 T
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an absolute pressure reading. The relationship between relative or gauge pressure and absolute 
pressure is given by the following equation:

 
Gauge pressure Atmospheric pressure Absolute pressure( ) + ( ) = ( ))

 
(1.6)

The standard atmosphere is equivalent to the absolute pressure exerted at the bottom of a column 
of mercury that is 760 mm in height at a temperature of 0°C. This value is nearly the same as the 
atmospheric pressure that one may find on a typical day at sea level. The standard atmosphere in a 
variety of units is summarized in Table 1.5. Using Equation 1.6, and the pressure conversion factors 
shown in Table 1.5, we can say that your tire pressure is 250 kPa gauge or 351.325 kPa absolute.

1.1.3.2 Volume Volume refers to the amount of space that an object occupies and depends on the 
mass of the object. The mass density is the mass of an object divided by the volume of space that 
it occupies. Specific volume is the volume of an object divided by its mass. Specific volume is, 
therefore, just the inverse of the mass density. For solids and liquids, the volume of an object of a 
given mass is not strongly dependent on the temperature or the pressure. For solids and liquids, the 
volume is then the mass multiplied by the specific volume or the mass divided by the density of the 
object. For gases, the volume of a gas is also strongly dependent on both the temperature and the 
pressure. For gases, we need to use an equation of state to properly relate the volume of the gas to 
the temperature, pressure, and moles (mass divided by molecular weight).

1.1.3.3 Equations of state An equation of state is a mathematical relationship that relates the pressure, 
volume, and temperature of a gas, liquid, or solid. For our purposes, the ideal gas law is an equation of 
state that will work just fine for the types of problems involving gases that we will consider here. Recall 
that an ideal gas has mass, however the gas molecules themselves have no volume and these molecules 
do not interact with one another. The ideal gas law works well for gases like hydrogen, oxygen, and air 
at pressures around atmospheric. Recall that the ideal gas law is given by the following relationship:

 PV nRT=  (1.7)

In this equation
P denotes the absolute pressure
V the volume
T the absolute temperature
n the number of moles
R is called the universal gas constant, and a suitable value must be used to make the units in 

Equation 1.7 work out properly

Table 1.6 summarizes commonly used values of the gas constant in a variety of different units.

Table 1.5 The Standard Atmosphere in a Variety of Units

1.000 atmosphere (atm)
14.696 pounds force per square inch (psi)
760 millimeters of mercury (mmHg)
33.91 feet of water (ft H2O) = 10.34 meters of water (m H2O)
29.92 inches of mercury (in. Hg)
101,325 pascals (Pa)
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1.2  Dimensional equation
A dimensional equation is an equation that contains both numbers and their associated units. The 
dimensional equation usually arises from the use of a specific formula that is being used to solve a 
problem or when a particular number has nonstandard units associated with it. In the latter case, a 
series of conversion factors are used to put the number in some other system of units, e.g., the SI 
system of units. To arrive at the final answer, which is usually a number with its associated units, 
the dimensional equation is solved by performing the arithmetical operations on the numbers and 
as discussed earlier, algebraic operations on the various units.

Example 1.2 illustrates the use of the dimensional equation to convert a quantity in nonstandard 
units to SI units. Example 1.3 illustrates the use of the dimensional equation to determine the 
volume of a gas at a given temperature and pressure. When solving engineering problems, make 
sure to use the dimensional equation approach illustrated in these examples. In this way, you can 
easily handle the conversion of the units associated with the quantities involved in your calcula-
tion and arrive at the correct answer. Remember to refer to Tables 1.1 and 1.3 through 1.6, where 
appropriate.

Example 1.2 

A particular quantity was reported to have a value of 1.5 cm3 hr−1 m−2 mmHg−1. Recall that 
mmHg is a measurement of pressure, where 760 mm of mercury (Hg) is equal to a pressure 
of 1  atmosphere (1 atm). Convert this dimensional quantity to SI units of meter squared (m2) 
second (sec) per kilogram (kg−1), i.e., m2 sec kg−1.

Solution

The dimensional equation for the conversion of this quantity to SI units is

 

1 5
1

3600
760

1
1

101 325
1

1

3

2.
sec ,

cm
hr m mmHg

hr mmHg
atm

atm
Pa

Pa
N m

´ ´ ´ ´ --

-
-´ ´

( )
= ´

2

2

3

3
12

21 1

100
3 125 10

N
kg m

m

cm

m
kgsec

.
sec

 

Table 1.6 Gas Constant (R)

Gas Constant

8.314 m3 Pa mol−1 K−1

8.314 J mol−1 K−1

82.06 cm3 atm mol−1 K−1

0.0821 L atm mol−1 K−1

0.7302 ft3 atm lb mol−1 R−1

10.73 ft3 psi absolute lb mol−1 R−1
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Example 1.3 

Calculate the volume occupied by 100 lbm of oxygen (molecular weight equals 0.032 kg 
mole−1) at a pressure of 40 feet of water and a temperature of 20°C. Express the volume in 
cubic meters (m3).

Solution

The dimensional equation for the calculation of the volume of oxygen is based on Equation 1.7 
rearranged to solve for the volume, i.e., V = nRT/P:

 

V lb
kg

lb
mole

kg
m Pa

mole K
m

m

= ´ ´
æ

è
ç

ö

ø
÷´ ´100

1
2 2046

1
0 032

8 314 27
3

. .
. 33 15 20

1

40
1

33 91
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1

.

.
,

+( )

´
´ ´

æ

K

ft of water
atm

ft of water
Pa

atmèè
ç

ö

ø
÷

= 28 90 3. m

 

1.3  Conservation of mass
One of the most fundamental relationships that should always be considered when performing an 
engineering analysis on a system is the  conservation of mass. This is also called a material balance. 
In its  simplest terms, conservation of mass is the statement of the fact that the sum of the masses of all 
substances that enter the system must equal the sum of the masses of all the substances that leave the 
system. However, there can be changes in the individual masses or amounts of various chemical enti-
ties because of chemical reactions that may also be occurring within the system. Remember that mass 
is always conserved and moles are not necessarily conserved if chemical reactions occur in the sys-
tem. The only exception to conservation of mass is for nuclear reactions where energy is converted to 
mass and vice versa. Nuclear reactions Are not included in the systems that we will be considering.

1.3.1  Law of conservation
The following equation provides a generalized statement of the law of conservation for our system, 
which we will find extremely useful for the solution of a variety of problems:

 Accumulation In Out Generation Consumption= - + -  (1.8)

This equation may be used to account for changes in quantities such as mass, moles, energy, momen-
tum, and even money.

The Accumulation term accounts for the change with time of the quantity of interest within the 
system volume. The accumulation term in this equation is a time derivative of the quantity of inter-
est and defines what is called an unsteady problem. The accumulation term can be either positive 
or negative. If the accumulation term is zero, then the quantity of interest within the volume of the 
system is not changing with time, and we refer to this situation as a steady-state problem.

The In term accounts for the entry of the quantity of interest into the system by all routes. For exam-
ple, as carried in by the flow of fluid that is also called convection, or by the mechanism of diffusion. 
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The Out term is similar to the In term but accounts for the loss of the quantity of interest from the 
system. The Generation term accounts for the production of the quantity of interest within the system 
volume, whereas the Consumption term represents the loss of the quantity of interest within the sys-
tem. The generation and consumption of the quantity of interest occurs through chemical reactions 
and the metabolic processes that occur within cells.

The following nonengineering example illustrates a practical application of Equation 1.8, which is 
calculating the periodic payment on a loan. Remember this example since you can use the results to 
calculate payments for such items as automobiles, your house, and your credit card balance.

Example 1.4 

You just graduated from college as a bioengineer and have accepted your first job with a medi-
cal device company. You decide to buy yourself a nice sports car and in order to buy it you 
will need to borrow from the bank a total of $65,000. The bank is offering you a 5 year loan 
at an annual interest rate of 6% compounded continuously.* What is your monthly payment? 
What is the total amount that you will pay back to the bank? How much interest will you pay?

Solution

We will let A represent the amount of money at any time that you owe the bank and R will rep-
resent the annual payment that you make to the bank on the loan. The interest rate is represented 
by i. The amount of interest that the bank charges you for the loan is equal to the interest rate 
multiplied by the amount at any time that you owe them. Using Equation 1.8, we can then write 
the following equation that expresses how the amount you owe the bank changes with time:

 

dA
dt

iA R= -
 

Note that the amount you owe the bank Accumulates or, in this case, since this is a loan, 
Deaccumulates, according to the term dA/dt. The amount you owe is also Generated or increased 
by the interest term represented by iA and the amount you owe is decreased (Out) by the amount 
of your annual payment represented by R. Since R will be greater than iA, then dA/dt will 
be <0 and the amount that you owe the bank will decrease with time. This is a first order dif-
ferential equation and represents what is also called an initial value problem. In order to solve 
this equation we need to specify an initial condition (IC), which is the amount you owe the bank at 
time equal to zero, which is when you take out the loan. The initial condition can be written as

 IC t A A $: ,= = =0 65 0000  

There are several methods that can be used to solve the above differential equation to include 
integrating factors and Laplace transforms. Table 4.4 summarizes the Laplace transforms for a 
variety of functions and one of the end-of-chapter problems asks you to resolve this example 
using Laplace transforms. However, an easy way to solve the differential equation (since R is 

* Note that most loans are compounded on some basis where interest is calculated, e.g., yearly, quarterly, monthly, or even 
daily, in the limit being continuous compounding. For practical purposes, the basis of the compounding is not a significant 
factor in estimating a loan payment.
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a constant) is to let A be the sum of the homogeneous solution (i.e., when R = 0) represented 
by Ah and a constant C1 yet to be determined. So, we let A = Ah + C1. We then substitute this 
equation into the differential equation above and we obtain

 

dA
dt

iA and iC Rh
h= - = -1

 

We immediately see that C1 = R/i and the homogeneous differential equation can be readily 
integrated to give Ah = C2eit, where C2 is another constant that we evaluate from the initial 
condition. Our solution for the amount that we owe the bank at any time is then given by

 
A t C e

R
i

it( ) = +2
 

Now we use the initial condition that at t = 0, A = A0 and we find that the constant 
C2 = A0 − (R/i). Our result for the amount that you owe the bank at any time after the loan 
inception is then given by

 
A t A e

R
i

eit it( ) = + æ
è
ç

ö
ø
÷ -( )0 1

 

Now, what we want to find is the annual payment needed to pay off the loan after T years. 
Then, since A(T) = 0, we can solve the above equation for R and obtain the following equation 
for the annual loan payment:

 
R

iA
e iT=

- -
0

1  

We can now insert the numbers to calculate the loan payment amount:

 

R
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65 000

1
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1

1 253 95
1
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5

.
,
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So, we see that the monthly payment for the sports car is about $1254 per month. The total amount 
paid to the bank over the 5-year period of the loan is $15,047.35 yr−1 × 5 yrs = $75,236.77, and the 
total amount of interest paid to the bank for the loan is $75,236.77 − $65,000 = $10,236.77.

1.3.2  Chemical reactions
In the case of chemical reactions or cellular metabolism occurring within the system, you must 
also take into account, in your mass balances, the reaction stoichiometry as given by your balanced 
chemical equations for those substances that are involved in the chemical reactions. In addition, it 
is important to remember that for biological reactions, there can be an increase in the number of 
cells and your balanced chemical reaction must also consider the formation of biomass from the 
substances that take part in the reaction, as shown in the following example.
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Example 1.5 

Consider the anaerobic fermentation of glucose to ethanol by yeast. Glucose (C6H12O6) is 
converted into yeast, ethanol (C2H5OH), the by-product glycerol (C3H8O3), carbon dioxide, 
and water. An empirical chemical formula for yeast can be taken as CH1.74N0.2O0.45 (Shuler and 
Kargi, 2002). Assuming ammonia (NH3) is the nitrogen source, we can write the following 
empirical chemical equation to describe the fermentation:

 C6H12O6 + a NH3 → b CH1.74N0.2O0.45 (yeast) + c C2H5OH + d C3H8O3 + e CO2 + f H2O

Suppose, we found that 0.12 moles of glycerol was formed for each mole of ethanol produced 
and 0.08 moles of water were formed for each mole of glycerol. Determine the stoichiometric 
coefficients, which are the letters a, b, c, d, e, and f in front of the chemical formulas in the 
above equation. Remember that the stoichiometric coefficients need to be determined so that 
the total number of carbon, hydrogen, oxygen, and nitrogen atoms are the same on each side 
of the equation.

Solution

Balancing the above equation by inspection is not an easy thing to do. Hence, we use the more 
formal approach as outlined below where we write a balance for each element, i.e., carbon, 
hydrogen, oxygen, and nitrogen

Carbon balance: 6 = b + 2c + 3d + e
Hydrogen balance: 12 + 3a = 1.74b + 6c + 8d + 2f
Oxygen balance: 6 = 0.45b + c + 3d + 2e + f
Nitrogen balance: a = 0.2b
Other constraints: d = 0.12 c and f = 0.08 d

These relationships for each element can then be arranged into matrix form as follows. We 
see that the solution for a, b, c, d, e, and f involves the solution of six algebraic equations for 
these six unknowns:

 

0 1 2 3 1 0

3 1 74 6 8 0 2

0 0 45 1 3 2 1

1 0 2 0 0 0 0

0 0 0 12 1 0 0

0 0 0 0 08 0 1
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12
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0
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ù
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ú  

Solution of this matrix gives a = 0.048, b = 0.239, c = 1.68, d = 0.202, e = 1.796, and f = 0.016. 
The balanced chemical equation for the anaerobic fermentation of glucose by yeast can then 
be written as shown here:

 

C H O NH CH N O yeast

C H OH

6 12 6 3 1 74 0 2 0 45

2 5

0 048 0 239

1 68 0

+ ® ( )
+ +

. .

. .

. . .

2202 1 796 0 0163 8 3 2 2C H O CO H O+ +. .  
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1.3.3  The extent of a chemical reaction
It is also convenient when analyzing chemical reactions to express the differential change in the 
moles of each species i, i.e., dni, in terms of the differential extent of reaction j, i.e., dεj. The 
extent of reaction j (εj) will have units of moles and for a constant volume system (V) can also be 
expressed in units of concentration. We also let νij represent the stoichiometric coefficient of species i 
in reaction j. If νij > 0, then the species is a product, and if νij < 0, then it is a reactant.

With these definitions, the following equation relates the differential change in the moles of species i as 
a result of its participation in each of the M reactions being considered. If species i does not partici-
pate in reaction j, then for that reaction νij = 0:

 

dni

j

M

ij j=
=

å
1

n ed

 

(1.9)

This equation can then be integrated from the initial state where εj = 0 and the initial moles of spe-
cies i is n ni i= 0, to the final state of ni and εj:

 

n ni i

j

M

ij j= +
=

å0

1

n e
 

(1.10)

Equation 1.10 then provides the moles of each species after the reaction has been completed (ni), in 
terms of the extent of each reaction (εj). The total moles of all species (n) can be found by summing 
Equation 1.10 over i as shown by the next equation:

 

n n
i

N

i

i

N

j

M

ij j= +
= = =

å åå
1

0

1 1

n e
 

(1.11)

In Equations 1.9 through 1.11, the ni’s represent the moles of species i in a given reaction volume 
of interest. If the reaction occurs in a flow-through system then these ni’s would be the molar flow 
rate of each  species i.

Note that the concentrations of the respective species and the total concentration can be obtained by 
dividing Equations 1.10 and 1.11 by the solution volume (V), provided the solution volume remains 
constant throughout the course of the reaction. Also, the mole fraction of species i in the solution is 
given by xi = ni/n.

The conversion of a key component in a reaction is denoted by X and is defined as follows in terms 
of moles (the ni’s) or the concentrations, if the volume is constant:

 
X

n
n

C
C

i

i

i

i

= - = -1 10 0
 

(1.12)

The actual conversion for a given reaction requires knowledge of the chemical kinetics or the rate 
law for a reaction And also depends on the reactor design equation. We will explore this in Section 9.6 
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for the special case of enzyme reactions. In some cases, we can make the assumption that the reac-
tion is at equilibrium, and this is discussed in Section 2.6.3.13 for the special case of equilibrium 
reactions in dilute aqueous solutions. An excellent resource for chemical reaction engineering is the 
book by Fogler (2005).

Example 1.6 

The continuous anaerobic fermentation of glucose was carried out at steady state in a well-
mixed bioreactor. The feed stream to the bioreactor contained no yeast cells (sterile feed), 
ethanol, or glycerol. The feed flow rate to the bioreactor was 100 L h−1 and the concentra-
tion of glucose in this stream was equal to 100 g L−1. Determine the amounts in g h−1 of 
the glucose, yeast cells, water produced, ethanol, glycerol, and carbon dioxide leaving the 
bioreactor for 97% conversion of glucose within the bioreactor. Also, determine the mini-
mum amount of ammonia that is needed in g h−1. Use the balanced chemical equation for 
anaerobic fermentation of glucose by yeast that was obtained in Example 1.5. The volume 
of the liquid phase within the bioreactor is 2000 L.

Solution

Since we only have one reaction, Equations 1.10 and 1.11 simplify to

 
n n and n ni i i

i

N

i

i

N

i= + = +
= =

å å0

1

0

1

n e e n
 

where ε is the extent of the anaerobic fermentation reaction. In these equations the subscript 
i denotes the species so let 1 = glucose, 2 = yeast, 3 = ethanol, 4 = glycerol, 5 = carbon 
dioxide, 6 = water, and 7 = ammonia. The molar rate at which glucose enters the reactor, 
n1

0, is equal to the feed flow rate times the glucose concentration in this feed divided by the 
glucose molecular weight, i.e.

 
n

L
hr

g
L

mole
g

moles
hr

1
0 100 100

1
180

55 56= ´ ´ = .
 

From the definition of conversion, we can show using Equations 1.10 and 1.12 that the extent 
of this reaction is then related to the glucose conversion as follows:

 
e = = ´ =n X

moles
hr

moles
hr

1
0 55 56 0 97 53 89. . .

 

We can then use this extent of reaction, along with the stoichiometric coefficient for each com-
ponent in the anaerobic fermentation reaction, to calculate the moles of each species leaving 
the reactor as follows:

Glucose

 
n

moles
hr

moles
hr

moles
hr

g
mole

g
hr

1 55 56 53 89 1 67 180 300 6= - = ´ =. . . .
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Yeast

 
n

moles
hr

moles
hr

moles
hr

g
mole

2 0 239 53 89 12 88 23 74 305= + ´ = ´ =. . . . .88
g
hr

Ethanol

 
n

moles
hr

moles
hr

moles
hr

g
mole

g
3 0 1 68 53 89 90 54 46 4164 6= + ´ = ´ =. . . .

hhr  

Glycerol

 
n

moles
hr

moles
hr

moles
hr

g
mole

g
4 0 202 53 89 10 89 92 1001 5= + ´ = ´ =. . . .

hhr  

Carbon dioxide

 
n

moles
hr

moles
hr

moles
hr

g
mole

5 0 1 796 53 89 97 79 44 4258 6= + ´ = ´ =. . . .
gg
hr  

Water (produced)

 
n

moles
hr

moles
hr

moles
hr

g
mole

g
hr

6 0 016 53 89 86 18 15 52= + ´ = ´ =. . . .
 

The minimum amount of ammonia that is needed according to the fermentation reaction

 
n

moles
hr

moles
hr

moles
hr

g
mole

g
h

7
0 0 048 53 89 2 59 17 43 97= + ´ = ´ =. . . .

rr  

1.3.4  Material Balances
In applying the law of mass conservation to your system, you can write a material balance using 
Equation 1.8 for each component. If you have N components, then this will provide a total of N 
equations. You can also write a total material balance that gives an additional equation for a total of 
N + 1 equations. However, these N + 1 equations are not independent since we can also obtain the 
total material balance equation by just summing the N component material balances. Remember that 
you need as many equations as you have unknowns in order to completely describe your system. If 
you have more unknowns than equations relating these unknowns, then you have that many degrees 
of freedom, i.e.

 Degrees of freedom Number of unknowns Number of equations= –  (1.13)

and you must specify the values of some of these unknowns. In solving engineering problems or 
designing equipment and devices, it is quite common to have more unknowns than equations that 
relate these unknowns. These degrees of freedom are also referred to as design variables and are 
quantities that you specify as part of the design of the system.

The following two examples illustrate the application of material balance principles.

AQ4
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Example 1.7 

Drug B has a solubility of 2.5 g B 100−1 g−1 water at 80°C and at 4°C the solubility of B is 
only 0.36 g B 100−1 g−1 of water. If a saturated drug solution at 80°C has 1000 g of drug in it, 
determine how much water (W) is also present with the drug. The solution is then cooled to 
4°C and the drug precipitate is separated from the saturated drug solution. How much of the 
drug will be precipitated (P) from the initial solution?

Solution

Figure 1.1 illustrates the problem. As a basis for the calculation, we start with the fact that 
there is 1000 g of drug (D) in the initial solution. Since the drug has a solubility of 2.5 g 100−1 
g−1 of water at 80°C, we can calculate the amount of water (W) present in this saturated solu-
tion as follows:

 
W

g water
g B

g B g water= ´ =100
2 5

1 000 40 000
.

, ,
 

So, the initial saturated solution consists of 1,000 g of drug B and 40,000 g of water. This 
solution is then cooled to 4°C and the decrease in drug solubility results in the precipitation of 
B out of the solution. Here, we see that the 40,000 g of water is conserved within the cooled 
solution; however the mass of drug B in the supernatant solution (X) at 4°C and in the precipi-
tate (P) are unknown. Let F denote the mass of the initial solution, i.e., F = W + D = 40,000 g + 
1,000 g = 41,000 g. Also, let S represent the total mass of the saturated supernatant solution 
after cooling to 4°C, and P is the mass of drug B in the solid precipitate. A total mass balance 
on this process says that

 F S P g= + = 41 000,  

D g of drug B
in a saturated
solution with
W g of water

Cooling process
to 4°C

T = 80°C

Separator

X g of drug B
in a saturated
solution with
W g of water

T = 4°C

P g of drug B
as a solid

precipitate

CSat = 2.5 g B
per 100 g water

B

CSat = 0.36 g B
per 100 g water

B

Figure 1.1 A drug precipitation process.
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Therefore, the total mass balance says that F = 41,000 g = S + P. Here, we still have two 
unknowns, S and P, so we need another equation in order to solve for S and P. A component 
material balance on drug B can also be written to find the mass of the drug precipitate, i.e., P:

 D X P C W PB
sat= + = +  

The term on the left side is the amount of drug B in the original solution (D), the first term in 
the center portion provides the amount of drug B that can exist in the saturated supernatant 
solution at 4°C, and P is the mass of the drug precipitate. X can also be written as the product 
of the solubility of B at 4°C and the amount of water (W) with the result that we can now solve 
for the amount of the precipitate:

 

1 000
0 36

100
40 000

856

,
.

,g B
g B

g water
g water P

P g of drug B in the pr

= ´ +

= eecipitate  

With P now known the overall material balance can be used to find the mass of the cooled 
supernatant solution:

 S F P g g g= - = - =41 000 856 40 144, ,  

The percentage recovery in the precipitate of drug B from the initial saturated solution at 80°C 
by cooling to a saturated solution at 4°C is given by

 
% Drug B recovery

Mass in precipitate
Mass in original solution

= = 856gg drug B
drug B1000

100 85 6´ = . %
 

Example 1.8 

A continuous membrane separation process is being used to separate components A and B 
into a product stream that is mostly A and a waste stream that is primarily B. A and B enter 
the process together at a total flow rate (F) of 100 kg hr−1. The composition of this feed stream 
is 40% A and 60% B by mass. The product stream (P) being removed from the process has a 
composition of 90% A and 10% B, whereas the waste stream (W) leaving the process has a 
composition of 2% A and 98% B. Calculate the mass flow rates of the product (P) and waste 
streams (W).

Solution

Figure 1.2 illustrates the problem. First we can write an overall material balance that says, 
F = 100 kg hr−1 = P + W. With two unknowns P and W, there is a need for another equation. 
So, we can write a component material balance on A that says, 0.40 × 100 kg hr−1 = 0.90 × P + 
0.02 × W. Since W = 100 kg hr−1 – P from the overall material balance, the component material 
balance can be rewritten in terms of just P, or 40 kg hr−1 = 0.90 P + 2 kg hr−1 – 0.02 P. Solving 
for the product flow rate we obtain P = 43.18 kg hr−1. From the overall material balance we 
then find that W = 100 kg hr−1 – 43.182 kg hr−1 = 56.82 kg hr−1.
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1.4  Tips for solving engineering problems
In this section, we outline a basic strategy that can be used to solve the type of engineering problems 
considered in this book and those you are likely to encounter as a biomedical engineer. This basic 
strategy is useful since it eliminates approaching the solution of each new problem or system as if it 
is a unique situation. The numerous examples throughout the book as well as the problems at the end 
of each chapter will provide you with the opportunity to apply the strategy outlined here and, at the 
same time, develop your skills in using the engineering analysis techniques discussed in this book. 
One of the unique and challenging aspects of engineering is that the number of problems that you 
may come across during the course of your career is limitless. However, it is important to understand 
that the underlying engineering principles and the solution strategy are always the same.

The engineering problems we will consider derive from some type of process. A process is defined 
as any combination of physical operations and chemical reactions that act on or change the sub-
stances involved in the process. A process also occurs within what is also more generally called 
the system. Everything else that is affected by the system or interacts with the system is known as 
the surroundings. The engineering analysis of all problems can therefore be considered within the 
context of the system and its surroundings.

There are several important steps that you should follow before attempting to make any engineering 
calculations on a system and its surroundings. For ease of reference, these steps are also summarized 
in Table 1.7. One of the first things that you should do when solving a particular  problem is to draw a 
sketch that defines your system. Drawing a sketch of the system for a given problem will allow you 
to identify and focus your attention on the key features of the problem. The sketch does not have to 
be elaborate; you can use boxes to represent the system and lines with arrows can be used to indicate 
the flow of streams that enter and leave the system. The solutions for Examples 1.7 and 1.8 both have 
sketches, as shown in Figures 1.1 and 1.2.

If you know them or can easily calculate them, make sure you also write down the flow rates of the 
flowing streams and the amount or concentration of each substance in each of the flowing streams. 
On your sketch, you will also write down the available data that you already have concerning the 
problem. Examples of additional data that may be important in solving your problem include tem-
peratures, pressures, experimental data, physical properties, and even conversion factors. Next, you 
should obtain any additional information or data needed to solve the problem. You should also write 
down any chemical reactions that need to be considered and make sure that these are also balanced.

F = 100 kg h−1 
40% A, 60% B

Membrane
separator

P = ?
90% A, 10% B

W = ?
2% A, 98% B

Figure 1.2 A continuous membrane separation process.
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Obtaining the answer to the problem illustrated by your sketch of the system will require the use of 
specific engineering principles and formulas that govern the physical and chemical operations that 
occur within your process. Formulating the solution and solving engineering problems is a skill 
that one needs to develop and refine in order to be successful in engineering. That is the goal of this 
book, to provide you with the mathematical techniques and skills for solving a variety of biomedical 
engineering problems that involve chemical reactions And such transport processes as fluid flow and 
mass transfer. Building on the skills learned in this book you will then be able to design biomedical 
equipment and devices.

1.5  Useful numerical methods
The solution of many biomedical engineering problems will require the use of a numerical method. 
In other words, an analytical solution is very difficult to obtain or a simple hand calculation is not 
possible. In some cases, you may also want to illustrate your solution on a graph. In these situations 
you will need to write a computer program. In this section you will find eight examples that show 
how to solve many common problems that you may encounter. In each example, a numerical solu-
tion is shown using MATLAB®, a commercial engineering software package that is commonly used 
by engineers and scientists. You can use these example solutions as a template that can be easily 
modified to solve the particular problem you are working on. Additional details on how to program 
in MATLAB can be found in Hahn and Valentine (2013).

Example 1.9: Comparing a model equation to a set of experimental data

Table 1.8 summarizes the data obtained from a viscometer* for the shear stress (τ, Pa) of 
ketchup as a function of the shear rate (�g , sec−1). These data were obtained from an online 
technical report presented by TA Instruments.† The Casson equation is a model that can be 
used to describe the shear stress and shear rate relationship for complex fluids like ketchup. 

* See Chapter 4 for more information on viscosity and the flow of fluids.
† http://www.tainstruments.co.jp/application/pdf/Rheology_Library/Solutions/RS013.PDF.

Table 1.7 Steps for Solving Engineering Problems

Problem Solving Steps

1. Draw a sketch that defines your system.
2. Indicate with lines and arrows the flow of streams that enter and leave the system.
3.  Indicate the flow rates and the amounts or concentrations of each of the substances in each of the flowing streams. 

For those that are unknown see if you can easily calculate them using material balance equations.
4.  Write down any chemical reactions that need to be considered and make sure that these are also balanced.
5. Write down the available data that you already have concerning the problem.
6. Obtain any additional information or data needed to solve the problem.
7.  Identify the specific engineering principles and formulas that govern the physical and chemical operations that occur 

within your system.
8. Solve the problem using the above information.
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The Casson equation is given by

 
t t g1 2 1 2 1 2/ / /= +y s�

 
(A)

where τy and s are constants. The Casson equation says that a plot of the square root of the 
shear stress versus the square root of the shear rate should give a straight line, i.e., compare 
the above equation with y = b + mx, where the y-intercept (b) of the graph is the square root 
of the yield stress, i.e., τy , and the slope (m) is s. From the data given in Table 1.8, we can 
estimate the value of τy as 58 Pa, and the value of s can be approximated from the rise over the 
run of the data starting at the y-intercept of 58 Pa:

 
s Pay=

-
-

= - = ( )t t
g

1 2 1 2

1 2

1 2 1 2

1 2
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With these values of τy and s, make a graph using MATLAB that compares the Casson equa-
tion, using these values of τy and s, to the data given in Table 1.8. Note that in the graph the 
data must be shown by symbols and the prediction by the Casson equation as a solid line.

Solution

The MATLAB program for solving this problem is shown below. Figure 1.3 shows a com-
parison between the data given in Table 1.8 and the prediction of the Casson equation for the 
estimated values of τy and s. We see that the Casson equation with these values of τy and s 
provides an excellent representation of these data.

%Comparing an equation to a set of experimental data
clear
clc
clf
%enter the data as vectors gamma and tau, these data represent the
%shear rate and shear stress
    gamma=[0,25,50,100,150,200,300,400,500];
    tau=[58,80,87,105,115,120,138,155,170];
%now apply any transformation to these data, for example here we

Table 1.8 Shear Stress versus Shear Rate for Ketchup

Shear Rate (sec−1) Shear Stress (Pa)

0 58
25 80
50 87

100 105
150 115
200 120
300 138
400 155
500 170
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%take the square root of each quantity
    x=sqrt(gamma);
    y=sqrt(tau);
%now plot the transformed data set x and y with xlower and xupper
%defining the x range and ylower and yupper defining the y range
    xlower=0;
    xupper=sqrt(500);
    ylower=0;
    yupper=sqrt(200);
plot(x,y,'*b');
axis([xlower,xupper,ylower,yupper]);
xlabel('Square Root of Shear Rate'), ylabel('Square Root of Shear 

Stress');
title('Comparing an Equation to a Set of Experimental Data');
hold on;
%now enter the equation and its parameters that you want to compare
%to the experimental data
     s=0.243;
     tauy=58;
%now define a vector of 200 points along the abscissa for the equation
%to calculate the predicted ordinate values from
    xline=linspace(min(x),max(x),200);
%now calculate the predicted ordinate values for each value of xline
%using in this case the Casson equation
    yline=sqrt(tauy)+s*xline;
%now plot yline versus xline on the same graph with the data to obtain
%a comparison between the experimental data and the model equation
    plot(xline,yline,'r-')
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Figure 1.3 Comparison of the Casson equation to the shear stress and shear rate data for ketchup.
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Example 1.10: Linear regression of experimental data

Using the data found in Table 1.8, find the parameters τy and s in the Casson equation that 
provides the best fit to these data.

Solution

The Casson equation says that if we replot the experimental data as the square root of the shear 
stress versus the square root of the shear rate, the result should be linear. According to the Casson 
equation, see Equation A in the previous example, these transformed data will have an intercept 
equal to the square root of the yield stress, i.e., τy, and a slope equal to s. Our goal is then to find 
the values of τy and s that minimizes the error between these transformed experimental values 
and the values predicted by the Casson equation. The criterion that is often used to determine the 
best fit is the sum of the square of the error (SSE) between the experimental ordinate values and 
those predicted by the model equation. The SSE using the Casson equation is defined by

 
SSE

n

N

experimental n Casson n= -( )
=

å
1

1 2 1 2 2
t t,

/
,

/

 

where N is the total number of data points. The MATLAB program for performing the linear 
regression is shown below. Figure 1.4 shows a comparison between the data given in Table 1.8 
and the prediction of the Casson equation. The values for τy and s are found to be, respectively, 
59.3 Pa and 0.238 (Pa sec)1/2. The value of the correlation coefficient, i.e., r2 = 0.997 and indi-
cates that the Casson equation with these values of τy and s provides an excellent representa-
tion of these data.
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Figure 1.4 Linear regression of the Casson equation to the shear stress and shear rate data for 
ketchup.
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%Linear regression
clear
clc
clf
%enter the data as vectors gamma and tau, these data represent the
%shear rate and shear stress
    gamma=[0,25.,50.,100.,150.,200.,300.,400., 500.];
    tau=[58.,80.,87.,105.,115.,120.,138.,155., 170.];
%now apply your transformation to these data, for example, here we
%take the square root of each quantity
    x=sqrt(gamma);
    y=sqrt(tau);
%now plot the transformed data set x and y with xlower and xupper
%defining the x range and ylower and yupper defining the y range
    xlower=0;
    xupper=sqrt(500);
    ylower=0;
    yupper=sqrt(170);
plot(x,y,'*b');
axis([xlower,xupper,ylower,yupper]);
xl abel('Square Root of Shear Rate'), ylabel('Square Root of Shear 

Stress');
title('Linear Regression');
hold on;
%now do the linear regression using polyfit with N=1 since the
%degree of a linear equation in x is 1
    coeff=polyfit(x,y,1);
%now display the results of the regression, where m is the slope of the
%regression line, and b is the line's intercept
    disp(['m= ',num2str(coeff(1))])
    disp(['b= ',num2str(coeff(2))])
%now let's plot the best fit line to the data to see how well the
%regression line fits the data, to do this (1) define a vector of 200
%x-points in the range of the x data, (2) then calculate the
%corresponding vector of the predicted y values, (3) then display the
%predicted results as a line on the same figure as the data
    xline=linspace(min(x),max(x),200);
%now calculate the predicted y values for each value of xline
    yline=coeff(2)+xline*coeff(1);
%now plot yline versus xline on the same graph with the data
    plot(xline,yline,'r-')
%now we calculate the correlation coefficient, or the r^2
%as a statistical measure of how good the fit for our regression is, if
%r^2 is 0 the fit is horrible, if +1 (positive slope) or -1 (negative
%slope) the fit is perfect, we usually want a abs(r^2)>0.90 for a good
%fit, so now we calculate the value of r^2
%first calculate the predicted value of y for each value of x
    yest=coeff(1)*x+coeff(2);
%next calculate the average value of the y data
    yavg=mean(y);
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%now calculate the SSE and the SST
    SSE=sum((y-yest).^2);
    SST=sum((y-yavg).^2);
%then calculate the r^2 using this formula
    rsqr=1-SSE/SST;
    disp(['r-squared= ',num2str(rsqr)])
%now show both the regression equation and the
%r^2 on the graph as text
    a1str=num2str(coeff(1));
    a0str=num2str(coeff(2));
    eqnstr=['y= (',a1str,')*x + (',a0str,')'];
    rsqr = ['r^2 = ',num2str(rsqr)];
%then use the gtext command to position these strings on your graph
%where you want them to be
    gtext({eqnstr,rsqr})

Example 1.11: Linear regression of experimental data with a zero intercept

From the data given in Table 1.8, we see that when the shear rate is zero, the shear stress is 
58 Pa and this would be equal to the yield stress, τy. Using this as the value for τy, we can 
rearrange the Casson equation as

 t t g1 2 1 2 1 2/ / /- =y s�  

Now we see that a plot of t t1 2 1 2/ /- y  versus �g1 2/  would be linear with a slope equal to s and an 
intercept of zero. We can perform a linear regression of the data shown in Table 1.8 using the 
above form of the Casson equation and obtain the slope, s, of the resulting regression line 
using τy = 58 Pa. However, in performing this linear regression we need to use a linear regres-
sion method that constrains the y intercept to zero.

Solution

The MATLAB program for performing the linear regression with the constraint of a zero 
intercept is shown below. Figure 1.5 shows a comparison between the data given in Table 
1.8 and the prediction using the above equation. We find that the regression line has a slope, 
i.e., s, equal to 0.243 (Pa sec)1/2. The value of r2 = 0.996, which shows that this approach also 
provides an excellent representation of these data.

%Linear regression with a zero intercept
clear
clc
clf
%enter the data as vectors gamma and tau, these data represent the
%shear rate and shear stress
    gamma=[0,25.,50.,100.,150.,200.,300.,400., 500.];
    tau=[58.,80.,87.,105.,115.,120.,138.,155., 170.];
%now subtract the square root of tau-y = 58 from the square
%root of these tau values and call the result y, also let x
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%equal the square root of the gamma's
    y=sqrt(tau)-sqrt(58.)
    x=sqrt(gamma)
%now plot these data with xlower and xupper defining the x range
%and ylower and yupper defining the y range
    xlower=0.;
    xupper=sqrt(500);
    ylower=0.;
    yupper=sqrt(170)-sqrt(58.);
plot(x,y,'*b');
axis([xlower,xupper,ylower,yupper]);
xlabel('Square Root of Shear rate')
ylabel('Square Root of Shear stress - Square Root of Yield Stress');
title('Linear Regression with a Zero Intercept');
hold on;
%now do the linear regression, note this is how it is done when the
%intercept must equal zero
    m=x(:)\y(:);
%now display the results of the regression
    disp(['m=',num2str(m)]);
%now let's plot the best fit line to the data to see how well the
%regression line fits the data, to do this (1) define a vector of 200
%x-points in the range of the x data, (2) then calculate the
%corresponding vector of y points, (3) display the calculated x and y
%points as a line on the same figure as the data
    xline=linspace(min(x),max(x),200);
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Figure 1.5 Zero intercept linear regression of the Casson equation to the shear stress and shear rate 
data for ketchup.
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%now calculate the y values for each value of xline
    yline=xline*m;
%now plot yline versus xline on the same graph with the data
    plot(xline,yline,'r-')
%now use the correlation coefficient, or the
%r^2 as a statistical measure of how good the fit for the regression
%is,if r^2 is 0 the fit is horrible, if +1 (positive slope) or -1
%(negative slope) the fit is perfect, usually abs(r^2)>0.90 for a 

good
%fit, first calculate the predicted value of y for each value of x
    yest=m*x;
%next calculate the average value of the y data
    yavg=mean(y);
%now calculate the SSE and the SST
    SSE=sum((y-yest).^2);
    SST=sum((y-yavg).^2);
%then calculate the r^2 using this formula
    rsqr=1-SSE/SST;
    disp(['r-squared= ',num2str(rsqr)])
%now show both the regression equation and the
%r^2 on the graph as text
    a1str=num2str(m);
    eqnstr=['y= (',a1str,')*x'];
    rsqr = ['r^2 = (',num2str(rsqr)];
%then use the gtext command to position these strings on your graph
%where you want them to be
    gtext({eqnstr,rsqr})

Example 1.12: Nonlinear regression of experimental data

Suppose we did not transform the data shown in Table 1.8 but just plotted the data as shear 
stress versus shear rate. In this case we would find that the plot is not linear. Given a model 
like the Casson equation, we can rearrange it to express the shear stress in terms of the shear 
rate as given by

 
t t g= +( )y s1 2 1 2 2/ /�

 

Note that now the shear stress is related to the shear rate in a nonlinear way. The SSE in this 

case is defined by, SSE = t texperimental n Casson n
n

N

, ,-( )
=å 2

1
. MATLAB has a built in function 

(nlinfit) that can perform nonlinear regressions to find the parameters in the model equation 
above, i.e., τy and s, to minimize the error between the measured shear stress and the values 
predicted by the model equation.

Solution

The MATLAB program for performing the nonlinear regression is shown below. Figure 1.6 
shows a comparison between the data given in Table 1.8 and the prediction assuming the 
ketchup behaves like a Casson fluid. The nonlinear regression analysis gives a τy = 59.55 Pa 
and the value of s is 0.237 (Pa sec)1/2.
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% Nonlinear Regression
clear
clc
clf
format compact
% enter the data as vectors gamma and tau, the shear rate and shear 

stress
    gamma=[0,25.,50.,100.,150.,200.,300.,400.,500.];
    tau=[58.,80.,87.,105.,115.,120.,138.,155., 170.];
%now enter the function to fit these data tauh is the predicted ordinate 

value, where b is the vector of the regression parameters, in
%this case b(1) is the yield stress and b(2) is s
    tauh=@(b,gamma)(sqrt(b(1))+b(2)*sqrt (gamma)).^2;
% now enter guess values for the b parameters
    b0=[60,0.25];
% plot the raw data
    xlower=0;
    xupper=500;
    ylower=0;
    yupper=200;
    plot(gamma,tau,'*b');
    axis([xlower,xupper,ylower,yupper]);
    xlabel('Shear Rate, 1/sec'), ylabel('Shear Stress, Pa');
    title('Nonlinear Regression')
    hold on

0 50 100 150 200 250 300 350 400 450 500
0

20

40

60

80

100

120

140

160

180

200

Shear rate (sec–1)

Sh
ea

r s
tr

es
s (

Pa
)

 

Figure 1.6 Nonlinear regression of the Casson equation to the shear stress and shear rate data for 
ketchup.
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% determine the best values of the b's to fit the function tauh to 
the data using the nlinfit routine

    bhat=nlinfit(gamma,tau,tauh,b0);
%plot the results of the nonlinear regression
    disp(['yield stress= ',num2str(bhat(1))])
    disp(['s =',num2str(bhat(2))])
% plot the predicted values
    xline=linspace(min(gamma),max(gamma),200);
    plot(xline,tauh(bhat,xline),'r-');
    legend('original data','fit to the data','location','Best')

Example 1.13: Integration of a function

There are many times when we need to integrate a function and some times it turns out that 
this cannot be done analytically. In addition, the solution to many first order differential 
equations can be obtained by performing an integration if the terms containing the depen-
dent and independent variables are separable. So a method for numerically integrating a 
function can be very useful. Consider Example 1.4 where the following differential equation 
described how the amount of money owed to the bank (A) changes with time (t) for a given 
annual payment (R) and interest rate (i):

 

dA
dt

iA R= -
 

This equation can be rearranged and integrated to find the time it would take to payoff (tpayoff) 
the loan (A0) for given values of i and R:

 0 0

0t

payoff

Apayoff

dt t
dA

iA Rò ò= = -
-

 

Using the values for A0, i, and R from Example 1.4, calculate the time to pay off the loan by 
performing the above integration numerically.

Solution

The MATLAB program for solving this problem is shown below. With A0 = $65,000, i = .06/yr, 
and R = $15,047.35, we find that tpayoff = 5 years.

%Integration of a function
clear
clc
clf
%Use the matlab 'quad' command to perform the single variable
%integration where for a given f(x) with limits xlower and xupper we
%would write this as quad('f(x)',xlower,xupper)
    Alower=0;
    Aupper=65000;
    i=.06;
    R=15047.35;
    f=@(A)-1./(i*A-R);
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%for this example the quad command is written as follows
    tpayoff=integral(f,Alower,Aupper);
%display the results
    disp(['Payoff time, years= ',num2str(tpayoff)])

Example 1.14: Solving a first order ordinary differential equation

In Example 1.4, the following first order differential equation described how the amount of 
money owed to the bank (A) changes with time (t) for a given annual payment (R) and interest 
rate (i):

 

dA
dt

iA R= -
 

This equation can also be solved numerically using a differential equation solver. Using the 
values for A0, i, and R from Example 1.4, calculate the time to pay off the loan by solving this 
differential equation numerically.

Solution

The MATLAB program for solving this problem is shown below. The solution for how the 
amount owed, A(t), changes with time is shown in Figure 1.7, using A0 = $65,000, i = .06/yr, 
and R = $15,047.35. We find that tpayoff = 5 years.
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Figure 1.7 Loan balance as a function of time, payoff is 5 years.
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%Solving a first order differential equation, dy/dx=f(x,y)
clear
clc
clf
%Enter the constants
    A0=65000.;
    i=.06;
    R=15047.35;
%Enter the function f(x,y)
    dAdt=@(t,A) (i*A-R);
%Enter the range of the independent variable
    tstart=0.;
    tend=6.;
    Ainitial=A0;
%Now solve the differential equation using the ODE45 routine
    [t,A]=ode45(dAdt,[tstart,tend],Ainitial);
%Now plot the solution as A vs t
    plot(t,A);
    xlabel('Time, years'), ylabel('Loan Balance, $');
    title('Solution to Example 1.4');
    hold on

Example 1.15: Solving a second order ordinary differential equation

A second order ordinary differential equation can be solved by converting it into two first 
order ordinary differential equations. For example, consider the classic damped harmonic 
oscillation described by the following second order differential equation:

 

d x
dt

b
dx
dt

a x
2

2
22 0+ + =

 

The above equation can be rewritten as two first order differential equations by letting z = dx/
dt and dz/dt = d2x/dt2. Substituting these into the above equation, we then obtain two first order 
differential equations:

 

dx
dt

z

dz
dt

bz a x

=

= - +( )2 2

 

Now solve these two equations for x(t) from t = 0 to t = 10 with a =1 and b =.25. Two initial 
conditions are also needed, so let x∣t = 0 = 1 and(dx/dt)∣t = 0 = z = 0.

Solution

The MATLAB program for solving this problem is shown below.* In this MATLAB solution, 
you will need to write a function file to define the right-hand sides of the first order 

* Note that this solution can also be easily generalized to the solution of multiple first order ordinary differential equations.
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differential equations. This function file, named here as multipleode.m, is then called by the com-
mand file, named here call_multipleode.m. The solution for x(t) and z(t) is shown in Figure 1.8.

%This is the command file and solves multiple first order ordinary 
differential equations

function[t,x]=call_multipleode()
%enter the range of the independent variable
    tspan=[0 15];
%enter the initial conditions for the dependent variables, note that in
%this example x1 is our x and x2 is our z
    x1_0=1;
    x2_0=0;
%enter any parameters in the ODE functions
    a=1;
    b=.25;
%now use the Matlab ODE solver to find how x changes with t
    [t,x]=ode45(@multipleode,tspan,[x1_0 x2_0],[],a,b);
%now display the results on a graph
    plot(t,x);
    xlabel('Time'), ylabel('X and Z');
    title('Multiple 1st Order Ordinary Differential Equations');
%This is the function file and defines the functions of the set of 

1st order ODE's
%enter any constants to be used
function dxdt=multipleode(t,x,a,b)
dxdt=zeros(2,1);
dxdt(1)=x(2);
dxdt(2)=-(2*b*x(2)+a^2*x(1));
end
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Figure 1.8 Solution to a second order ordinary differential equation.
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Example 1.16: Finding the zero of a function of one variable, the root finder

Many times an analysis results in a nonlinear equation where it is not possible to solve explic-
itly for the variable of interest. For example, given a function like α(x) = β, we want to find 
the value of x that satisfies this equation. A root finder does this for us by finding the zero of 
a function, i.e., f(x), defined as f(x) = α(x) − β. The root finder finds the value of x that makes 
f(x) = 0. In Example 1.4, we showed that the following equation gives the annual payment for 
given interest rate, i, initial loan amount A0, and loan period T:

 
R

iA
e iT=

- -
0

1  

Suppose we wanted to find, for a loan amount of A0 = $65,000 and a loan period of 5 years, 
the annual interest rate that gives an annual payment of $18,000. The above equation cannot 
be solved explicitly for i, so we would need to use a root finder method in order to solve this 
problem.

Solution

The following MATLAB program shows how to solve this type of problem. In this case the 
annual interest rate is found to be i = 0.1381. Figure 1.9 shows a graph of f(i) versus i.

%this example shows you how to find the root of a nonlinear function
%i.e., find the value of x that makes f(x) = 0
clear
clc
clf
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Figure 1.9 The root occurs when f(i) = 0, i.e. i ~ .139.
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%enter the parameters in the function, f(x)
    R=18000;    A0=65000;    t=5;
%define the function, f(x), here the unknown x is i
    f=@(i) R-i*A0./(1-exp(-i*t));
%define the interval where the root is expected to occur
    i=linspace(0,.2);
    y=f(i);
%plot to show that the root is correct and to help with an initial 

guess
    plot(i,y);
    axis([0,.20,-3000,5000]);
    xlabel('i'); ylabel('f(i)');
    title('root finder example-plot of f(i) vs i');
    grid on
%now use the matlab function fzero to find the exact value of the 

root
%using an initial guess from the graph found above
    i=fzero(f,0.1);
    disp(['i= ',num2str(i)]);

Problems
 1. R = 8.314 J mol−1 K−1, find the equivalent in cal mol−1 K−1.
 2. Convert 98.6°F to °C and then K.
 3. During cell migration, fibroblasts can generate traction forces of approximately 2 × 104 

μdynes. What is the equivalent force in kN?
 4. Endothelial cells in random motion were recorded to move at the lightning speed of 27 μm h−1, 

what would their speed be in miles per second?
 5. A process requires 48 MW of power to convert A to B. What is the power needed in cg cm2 

hr−3? What about in kJ per minute?
 6. Which is moving faster; a plane moving at 400 miles per hour or a molecule moving at 6.25 × 

1015 nm min−1? Show the answer in units of mm per second.
 7. Resolve Example 1.4 using the Laplace transform technique.
 8. Rework Example 1.5 assuming there are 0.21 moles of glycerol formed for each mole of etha-

nol and 0.13 moles of water formed for each mole of glycerol.
 9. A hollow fiber membrane separator with a nominal molecular weight cutoff of 100,000 is fed 

a solution of proteins at the rate of 250 mL min−1. The composition of the protein solution is 
protein A (4 g L−1, MW = 20,000), protein B (7 g L−1, 150,000), and protein C (6 g L−1, MW = 
300,000). The filtrate flow rate is found to be 116.2 mL min−1 and the flow rate of the retentate 
is 133.8 mL min−1. The concentration of protein A in the retentate is found to be 5.84 g L−1. 
What is the concentration of protein A in the filtrate? Also what are the concentrations of pro-
teins B and C in the filtrate and in the retentate?

 10. An artificial kidney is a device that removes water and wastes from blood. In one such device, 
i.e., the hollow fiber hemodialyzer, blood flows from an artery through the insides of a bundle 
of cellulose acetate fibers. Dialyzing fluid, which consists of water and various dissolved salts, 
flows on the outside of the fibers. Water and wastes—principally urea, creatinine, uric acid, 
and phosphate ions—pass through the fiber walls into the dialyzing fluid, and the purified 
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blood is returned to a vein. At some time during the dialysis of a patient in kidney failure, the 
arterial and venous blood conditions are as follows:

Arterial Blood—In Venous Blood—Out

Flow rate (mL min−1) 200 195
Urea concentration (mg mL−1) 1.90 1.75

 a. Calculate the rates at which urea and water are being removed from the blood.
 b. If the dialyzing fluid enters at the rate of 1500 mL min−1 and the exiting dialyzing solu-

tion (dialysate) leaves at about the same rate, calculate the concentration of urea in the 
dialysate.

 c. Suppose we want to reduce the patient’s urea level from an initial value of 2.7 mg mL−1 to 
a final value of 1.1 mg mL−1. If the total blood volume is 5.0 L and the average rate of urea 
removal is that calculated in part (a), how long must the patient be dialyzed? (Neglect the 
loss in total blood volume due to the removal of water in the dialyzer.)
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Author Queries

[AQ1] Can “acceleration of gravity” be changed to “acceleration due to gravity” throughout 
the text.

[AQ2] Please check if “degrees Kelvin” can be changed to “Kelvin.”

[AQ3] Please check if mole can be changed to mol when preceded by number.

[AQ4] Please check if leading decimal zero can be inserted to maintain consistency.
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